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S1-INVARIANT LAPLACIAN FLOW
UDHAV FOWDAR
Abstract. The Laplacian flow is a geometric flow introduced by Robert
Bryant as a way for finding torsion free G2-structures. If the flow is S1-
invariant then it descends to a flow of SU(3)-structures on a 6-manifold. In
this article we derive expressions for these evolution equations. In our search
for examples we discover the first inhomogeneous shrinking solitons.
1. Introduction
Our main goal in this article is to derive the evolution equations for the data of
an SU(3)-structure on a 6-manifold P 6 given by a pair (ω,Ω = Ω+ + iΩ−), where
ω is a symplectic form and Ω is a (3, 0)-form, together with a Higgs fields H and a
connection 1-form ξ on an S1 bundle such that
ϕ(t) = ξ(t) ∧ ω(t) +H(t)3/2Ω+(t)
is a solution to the Laplacian flow. We study two simple cases and as a result we
find the first examples of inhomogeneous shrinking Laplacian solitons.
1.1. Overview. A closed G2-structure on a 7-manifold L
7 is given by a closed
non-degenerate 3-form ϕ, which in turn determines a Riemannian metric gϕ and
volume form volϕ. If ϕ is also coclosed then the holonomy of gϕ is a subgroup of
G2 and consequently it is Ricci-flat. The Laplacian flow, defined as the initial value
problem
∂
∂t
ϕ(t) = ∆ϕ(t)ϕ(t),(1.1)
ϕ(0) = ϕ0,(1.2)
dϕ0 = 0(1.3)
where ∆ϕ := dd
∗ϕ + d∗ϕd, was introduced by Bryant in [5] as a way of deforming
ϕ within its cohomology class to a coclosed one. The short time existence of the
flow was proved by Bryant and Xu in [6], and long time existence, uniqueness and
compactness results were given by Lotay and Wei in [17]. In recent years there
have been many works on the Laplacian flow cf. [10, 12, 13, 15, 16, 18] but the
flow is nonetheless still very complicated to study in its full generality. A natural
strategy to simplifying the equations is to impose symmetry. Aside from the homo-
geneous cases, three notable works in this direction were carried out by Fine and
Yao in [10], where the authors, motivated by a question of Donaldson, study the
flow on L7 = M4 × T3 as a way of deforming a hypersymplectic triple on M4 to
a hyperKähler one, by Lotay and Lambert in [15], where the authors reinterpret
the flow on L7 = B3 × T4 as a spacelike mean curvature flow on B ⊂ R3,3, and by
Fino and Raffero in [12], where the authors study the flow for warped G2-structures
on L7 = P 6 × S1. In this work we consider the more general case when L7 only
admits a free S1 action. In this case the Laplacian flow descends to a flow on an
SU(3)-structure on P 6 together with the data of a Higgs field and a connection
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1-form. In section 3 we express the torsion of the G2-structure in terms of data on
P 6 and we give a Gibbons-Hawking type construction for closed G2-structures. In
section 4 we derive the evolution equations for such data. Even if (L7, ϕ) is torsion
free the SU(3)-structure on the quotient P 6 := L7/S1 is generally not torsion free,
though it is always symplectic. For a flow of SU(3)-structures a natural question
one can ask is if any class of SU(3)-structure is preserved. For instance in [12], the
authors show that under certain constraints if (ω,Ω) is initially symplectic half-flat
then this is preserved by the flow. Here we first consider the original example of
the Laplacian flow studied by Bryant and show that the symplectic form on the
quotient, for a given S1 action, in fact remains constant under the flow, though the
torsion of the quotient SU(3)-structure is generic. Motivated by the work of Apos-
tolov and Salamon in [1] where the authors construct (incomplete) examples of G2
metrics which admit Kähler reduction, we next search for solutions to the Laplacian
flow on these spaces. We show that the flow indeed preserves the Kähler condition
in this setting and we find an explicit (complete) shrinking gradient soliton solution.
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that led to this article. This work was supported by the Engineering and Phys-
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2. Preliminaries
2.1. SU(3)-structures. We give a brief introduction to the basics of SU(3) geom-
etry and refer the reader to [3, 7] for more details.
Definition 2.1. An SU(3)-structure on a 6-manifold P 6 is given by a non-degenerate
2-form ω, a Riemannian metric gω, an almost complex structure J and a (3, 0)-form
Ω := Ω+ + iΩ− satisfying the two conditions
ω ∧ Ω± = 0,(2.1)
2
3
ω3 = Ω+ ∧Ω−.(2.2)
Although an SU(3)-structure consists of the data (gω, ω, J,Ω) it is in fact suf-
ficient to specify the pair (ω,Ω+) satisfying (2.1) and (2.2). This observation is
due to Hitchin in [14] where he shows that Ω+ (or Ω−) determines J . Abstractly
this follows from the fact that the stabiliser of Ω+ in GL+(6,R) is congruent to
SL(3,C) ⊂ GL(3,C). The metric is then determined by
(2.3) ω(·, ·) := gω(J ·, ·),
and Ω− := J(Ω+) = ∗ωΩ
+, where ∗ω is the Hodge star operator determined by gω
and the volume form
(2.4) volω :=
1
6
ω3 =
1
4
Ω+ ∧ Ω−.
As SU(3) modules the space of differential forms splits as
Λ1 = Λ16 = [[Λ
1,0]](2.5)
Λ2 = 〈ω〉 ⊕ Λ26 ⊕ Λ
2
8(2.6)
Λ3 = 〈Ω+〉 ⊕ 〈Ω−〉 ⊕ Λ36 ⊕ Λ
3
12(2.7)
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where
Λ26 = [[Λ
2,0]] = {α ∈ Λ2 | ∗ω (α ∧ ω) = α}(2.8)
= {∗ω(α ∧ Ω
+) | α ∈ Λ16}(2.9)
Λ28 = [Λ
1,1
0 ] = {α ∈ Λ
2 | ∗ω (α ∧ ω) = −α}(2.10)
Λ36 = [[Λ
2,1]] = {α ∧ ω | α ∈ Λ16}(2.11)
Λ312 = [[Λ
2,1
0 ]] = {α ∈ Λ
3 | α ∧ ω = 0, α ∧ Ω± = 0}(2.12)
and we get a corresponding decomposition for Λ4 and Λ5 via ∗ω. The [[Λ
p,q]] and
[Λp,p] notation refers to taking the corresponding real underlying vector space i.e.
[[Λp,q]]⊗ C = Λp,q ⊕ Λq,p and [Λp,p]⊗ C = Λp,p
cf. [7, 19]. As SU(3) modules the spaces Λ•6 are all isomorphic. In computations
we will often need to interchange between these spaces and to do so we use the
following lemma which follows from a simple calculation.
Lemma 2.2. Given a 1-form α ∈ Λ16, let β := ∗ω(α∧Ω
−) ∈ Λ26. Then the following
hold.
(1) J(α) ∧ Ω+ = α ∧Ω− = β ∧ ω
(2) β ∧ Ω− = 2 ∗ω (α) = −(Jα) ∧ ω
2
(3) β ∧ Ω+ = 2 ∗ω (Jα) = α ∧ ω
2
Our convention is that J(α)(v) = α(Jv) for 1-form α and vector v. The intrinsic
torsion of an SU(3)-structure is given by
dω = −
3
2
σ0 Ω
+ +
3
2
π0 Ω
− + ν1 ∧ ω + ν3,(2.13)
dΩ+ = π0 ω
2 + π1 ∧ Ω
+ − π2 ∧ ω,(2.14)
dΩ− = σ0 ω
2 + (Jπ1) ∧Ω
+ − σ2 ∧ ω,(2.15)
where σ0, π0 are functions, ν1, π1 ∈ Λ
1
6, π2, σ2 ∈ Λ
2
6 and ν3 ∈ Λ
3
12, cf. [3]. Many
well-known geometric structures can be recast using this formulation:
Definition 2.3. The SU(3)-structure (P 6, ω,Ω+) is said to be
(1) Calabi-Yau if all the torsion forms vanish,
(2) Kähler if all the torsion forms aside from π1 vanish,
(3) half-flat if π0 = 0, π1 = ν1 = 0 and π2 = 0.
2.2. G2-structures.
Definition 2.4. A G2-structure on a 7-manifold L
7 is given by a 3-form ϕ that
can be identified at each point p ∈M7 with the standard one on R7:
(2.16) ϕ0 = dx123 + dx145 + dx167 + dx246 − dx257 − dx347 − dx356,
where x1, . . . , x7 denote the coordinates on R
7 and dxijk is shorthand for dxi ∧
dxj ∧ dxk.
The reason for this nomenclature stems from the fact that the subgroup of
GL(7,R) which stabilises ϕ0 is isomorphic to the Lie group G2. Since G2 is a
subgroup of SO(7) [4, 19] it follows that ϕ defines a Riemannian metric gϕ and
volume form volϕ on L
7. Explicitly these are given by
1
6
ιUϕ ∧ ιV ϕ ∧ ϕ = gϕ(U, V ) volϕ,
where U, V are vector fields on L7. In particular, ϕ defines a Hodge star operator
∗ϕ. The set of 3-forms defining a G2-structure is an open set in the space of sections
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of Λ3 which we denote by Ω3+(L
7). In this article we will only consider the situation
when ϕ is closed. In this case we have
(2.17) d ∗ϕ ϕ = τ ∧ ϕ,
for a 2-form τ ∈ Λ214 →֒ Λ
2 where
(2.18) Λ214 = {α ∈ Λ
2 | α ∧ ∗ϕϕ = 0}.
On (L7, ϕ) there is also a natural G2 equivariant map given by
j : Λ3 → S2
j(γ)(U, V ) = ∗ϕ(ιUϕ ∧ ιV ϕ ∧ γ).(2.19)
The kernel of j is given by
Λ37 = {Uy ∗ϕ ϕ | U ∈ Γ(TL)}
and as G2 modules we have
Λ3 = 〈ϕ〉 ⊕ Λ37 ⊕ Λ
3
27.
If ϕ is both closed and coclosed i.e. τ = 0, then the holonomy of gϕ is contained in
G2 and Ric(gϕ) = 0. We refer the reader to the classical references [4, 19] for proofs
of the aforementioned facts. The problem of constructing examples with holonomy
equal to G2 is very hard. The Laplacian flow was introduced as a means to tackle
this problem.
2.3. The Laplacian flow. The Laplacian flow (LF) (1.1)-(1.3) preserves the closed
condition i.e. dϕt = 0 for all t and thus (1.1) is equivalent to
(2.20)
∂
∂t
ϕ(t) = dτ(t).
In the compact setting, Hitchin gives the following interpretation of the flow. Con-
sider the functional Ψ : [ϕ0]
+ → R+ defined by
Ψ(ρ) :=
1
7
∫
L
ρ ∧ ∗ρρ =
∫
L
volρ
where [ϕ0]
+ := {ϕ0 + dβ ∈ Ω
3
+(L) | β ∈ Ω
2(L)} denotes an open set in [ϕ0] ∈
H3(L,R). Then computing the Euler-Langrange equation Hitchin finds that the
critical points of Ψ satisfy d∗ρ ρ = 0. The LF is the gradient flow of Ψ with respect
to an L2 norm induced by gρ on [ϕ0]
+. The Hessian of Ψ at a critical point is
non-degenerate transverse to the action of the diffeomorphism group and in fact is
negative definite. Ψ can thus be interpreted as a Morse-Bott functional and the
torsion free G2-structures correspond to the local maxima. In the non-compact
setting this interpretation is not valid but the LF is still well-defined and critical
points are still torsion free G2-structures cf. [17].
In [5], Bryant computes the evolution equations for the following geometric quan-
tities under the LF
∂
∂t
(∗ϕϕ) =
1
3
‖τ‖2ϕ ∗ϕ ϕ− ∗ϕdτ,(2.21)
∂
∂t
(gϕ) = −2Ric(ϕ) +
1
6
‖τ‖2ϕgϕ +
1
4
j(∗ϕ(τ2 ∧ τ)),(2.22)
∂
∂t
(volϕ) =
1
3
‖τ‖2ϕ volϕ .(2.23)
Note that the coefficient in (2.22) differs from that in [5] but our conventions agrees
with [11, (4.2)]. In [5, (4.30)] Bryant also derives an expression for the Ricci tensor
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in terms of the torsion form only and thus, one can express (2.22) only in terms of
the torsion form as
(2.24)
∂
∂t
(gϕ) = −
1
3
‖τ‖2ϕgϕ +
1
2
j(dτ).
The simplest solutions to (1.1) are those that evolve by the symmetry of the flow.
If ϕ0 satisfies
(2.25) ∆ϕ0ϕ0 = λ · ϕ0 + LV ϕ0
for a vector field V and constant λ then
(2.26) ϕt := (1 +
2
3
λt)
3
2F ∗t ϕ0,
where Ft is the diffeomorphism group generated by U(t) = (1 +
2
3λt)
− 2
3 V , is a
solution to LF and ϕ0 is called a Laplacian soliton [17]. Depending whether λ is
positive, zero or negative the soliton is called expanding, steady or shrinking re-
spectively. If V is a gradient vector field then we call them gradient solitons.
Notations. In what follows we shall write Λi for the space of differential forms
omitting the underlying space P 6 or L7 unless there is any possible ambiguity. For
a k-form α we will denote by (α)kl its projection in Λ
k
l . We also omit pullbacks
signs and identify forms on P 6 with their pullbacks on L7.
3. S1 reduction of closed G2-structure
Our aim in this section is to characterised S1-invariant closed G2-structures
purely in terms of the data on the quotient space. In particular, we derive a
Gibbons-Hawking ansatz type construction for closed G2-structures, see Theorem
3.2.
Let (L7, ϕ) denote a closed G2-structure which is invariant under a free S
1 action
generated by a vector field Y . We define a connection 1-form ξ by
(3.1) ξ(·) := H2gϕ(Y, ·),
where H := ‖Y ‖−1ϕ . The quotient space P
6 := L7/S1 inherits an SU(3)-structure
(ω,Ω±) given by
ϕ = ξ ∧ ω +H3/2Ω+,(3.2)
∗ϕϕ =
1
2
H2ω2 − ξ ∧H1/2Ω−,(3.3)
gϕ = H
−2ξ2 +Hgω,(3.4)
Since LY ϕ = 0 and ϕ is closed, we have
dω = 0,(3.5)
dΩ+ = −
3
2
H−1dH ∧ Ω+ −H−
3
2 dξ ∧ ω,(3.6)
dξ ∧ ω2 = 0.(3.7)
Under the inclusion SU(3) ⊂ G2, we can express the torsion form as τ = τh+ ξ∧τv
for a 2-form τh and a 1-form τv which are basic i.e. they are horizontal and S
1-
invariant (since LXτ = 0). As τ ∈ Λ
2
14 it follows from (2.18) that
τh ∧ ω
2 = 0,(3.8)
τv ∧
1
2
H3/2ω2 = τh ∧ Ω
−.(3.9)
From (2.6), we note that (3.7) and (3.8) imply that dξ and τh have no ω-component
i.e. dξ = (dξ)26+(dξ)
2
8 and τh = τ6+τ8 ∈ Λ
2
6⊕Λ
2
8. The latter is not surprising since
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dim(g2) = 6 + 8. In terms of the SU(3)-structure we can express the condition
d ∗ϕ ϕ = τ ∧ ϕ as
dΩ− = H
1
2 τ6 ∧ ω + (Hτv −
1
2
H−1dcH) ∧ Ω+ +H
1
2 τ8 ∧ ω,(3.10)
HdH ∧ ω2 − (dξ)26 ∧H
1/2Ω− = τ6 ∧H
3
2Ω+.(3.11)
Observe that the forms (dξ)26, τv and τ6 are related by (3.9), (3.11) and the fact
that π1 appears in both (2.14) and (2.15). Thus, these forms are all essentially
equivalent, more precisely we have:
Lemma 3.1.
τv = −2H
−2(dcH + J(γ16)) and − 2τ6 = H
3
2 ∗ω (τv ∧ Ω
+),
where the 1-form γ16 is defined by H
− 1
2 (dξ)26 ∧ ω = γ
1
6 ∧Ω
+.
Proof. Let τ6 ∧ ω = H
3
2β6 ∧ Ω
+ for a 1-form β6, then using Lemma 2.2 we can
express the SU(3) torsion forms in irreducible summands as
dΩ+ = (−
3
2
H−1dH −H−1γ16) ∧ Ω
+ −H−
3
2 (dξ)28 ∧ ω,(3.12)
dΩ− = (H(τv + β6)−
1
2
H−1dcH) ∧ Ω+ +H−
1
2 τ8 ∧ ω,(3.13)
and hence we have
dcH + Jγ16 = −H
2(τv + β6).
From (3.9) we find that τv = −2β6 and together with (3.11) this completes the
proof. 
We can express the SU(3) torsion forms as
τ6 = H
− 1
2 ∗ω ((d
cH + Jγ16) ∧ Ω
+)(3.14)
τ8 = −H
1
2 ∗ω dΩ
− − ∗ω((
3
2
H−
1
2 dcH + Jγ16) ∧ Ω
+)(3.15)
and the G2 torsion form as:
(3.16) τ = −H
1
2 ∗ω dΩ
− −
1
2
H−
1
2 ∗ω −(d
cH ∧ Ω+)− 2ξ ∧ (H−2dcH +H−2Jγ16).
We can now prove the main result of this section.
Theorem 3.2 (Gibbons-Hawking ansatz for closed G2-structures). Given a sym-
plectic manifold (P 6, ω) with trivial first Chern class admitting an SU(3)-structure
(ω,Ω) and a positive function H : P 6 → R+ satisfying
(3.17) [− ∗ω
(
∗ω (d(H
3/2Ω+)) ∧ ω
)
] ∈ H2(P 6,Z),
ignoring factors of 2π, then ϕ = ξ ∧ ω + H3/2Ω+ defines a closed G2-structure
on the total space of the S1 bundle determined by (3.17) and the curvature of the
connection form ξ is given by
(3.18) dξ = ∗ω(d
∗ω (H3/2Ω−) ∧ ω).
Proof. In view of the above quotient construction we only need to prove that ξ,
defined by (3.1), satisfies (3.18). Applying ∗ω to (3.6), and using (2.8) and (2.10),
we find
(dξ)28 = (dξ)
2
6 + ∗ω(d(H
3/2Ω+))
and thus dξ = 2(dξ)26 + ∗ω(d(H
3/2Ω+)). It now suffices to use Lemma 3.1 and the
fact that the torsion form π1 is given by
2π1 ∧ Ω
+ = ∗ω(dΩ
+) ∧ ω + dΩ+.

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Remark 3.3. The Gibbons-Hawking ansatz states that given a positive harmonic
function h on an open set B ⊂ R3 endowed with the Euclidean metric and volume
form such that
(3.19) [− ∗0 dh] ∈ H
2(B,Z)
then
gM = h
−1θ2 + hgB
defines a hyperKähler metric on the total space M4 → B of the S1 bundle, where
θ is a connection form satisfying dθ = − ∗0 dh. In Theorem 3.2 condition (3.17) is
the higher dimensional analogue of the ‘integrality’ condition (3.19) that figures in
the Gibbons-Hawking ansatz and the (linear) harmonic condition d∗0dh = 0 on h
is replaced by the (non-linear) condition
(3.20) d∗ω (d∗ω (H3/2Ω−) ∧ ω) = 0
on the pair (H,Ω).
In view of the Apostolov-Salamon construction [1] we can characterise the torsion
free G2-structures in terms of the data on the base by the following proposition.
Proposition 3.4 ([1]).
d ∗ϕ ϕ = 0 if and only if γ
1
6 = −dH and d(H
1
2Ω−) = 0.
Moreover (P 6, ω,Ω) is a Calabi-Yau 3-fold if and only if H is constant.
Proof. The first part follows immediately by imposing τ6 = τ8 = 0. If furthermore
H is constant then from Lemma 3.1 we have (dξ)26 = 0. Differentiating the relation
dξ ∧Ω+ = 0
and using (3.6) shows that ‖dξ‖ω = 0, which completes the proof. 
Having encoded the data of a closed S1-invariant G2-structure in terms of the
data on the quotient we now derive the evolution equations for the LF.
4. The S1-invariant Laplacian flow
4.1. S1-invariant flow equations. Consider the LF starting from an S1-invariant
closed G2-structure. Then by existence and uniqueness of the flow (at least in the
compact case) it follows that this symmetry persists i.e the solution to the flow can
be expressed as (3.2). Thus, in the S1-invariant setting, using (3.16) we see that
the LF equation is equivalent to the following evolution equations on the SU(3)
structure together with the connection 1-form ξ and Higgs field H :
∂
∂t
(ω) = −2ddc(H−1) + 2d(H−2Jγ16),(4.1)
∂
∂t
(ξ) ∧ ω +
∂
∂t
(H3/2Ω+) = −d ∗ω d(H
1
2Ω−) + 2dξ ∧ dc(H−1)− 2H−2dξ ∧ Jγ16 .
(4.2)
We will omit the dependence on t to simplify the notation. Observe that (4.1)
agrees with the fact that since ϕ remains in its cohomology class so does ω. In this
section we derive the evolution equations for the data (ω,Ω, ξ,H, volω) on P
6 but
we first give expressions for quantities that will appear in the evolution equations.
Lemma 4.1.
(1) ‖γ16‖
2
ω =
1
2H
−1‖(dξ)26‖
2
ω.
(2) ‖τ‖2ϕ = H
−2(‖τ8‖
2
ω + 3‖τ6‖
2
ω)
(3) ‖τ6‖
2
ω = 2H
−1‖dH + γ16‖
2
ω
(4) ‖dΩ−‖2ω = H
−1‖τ8‖
2
ω +H
−2(92‖dH‖
2
ω + 2‖γ
1
6‖
2
ω + 6gω(dH, γ
1
6 ))
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Proof. The proof is a direct calculation using the expressions from the previous
section. We prove (1) as an example:
γ16 ∧ ∗ωγ
1
6 =
1
2
H−1/2γ16 ∧ (dξ)
2
6 ∧ Ω
+ =
1
2
H−1(dξ)26 ∧ ∗ω(dξ)
2
6,
where the first equality follows from (2) of Lemma 2.2 and the definition of γ16 . The
second equality is again just by the definition of γ16 . The proofs for the rest are
similar. 
Proposition 4.2.
∂
∂t
(ξ) ∧ ω2 =− (d ∗ω d)(H
1
2Ω−) ∧ ω + 2dξ ∧ dc(H−1) ∧ ω(4.3)
− 2H−2dξ ∧ J(γ16 ) ∧ ω − 2H
3
2Ω+ ∧ ddc(H−1)
+ 2H
3
2Ω+ ∧ d(H−2J(γ16))
Proof. In order to extract the evolution equation of the connection form ξ in (4.2),
we differentiate the relation H
3
2Ω+ ∧ ω = 0 and use (4.1). 
Proposition 4.3.
∂
∂t
(H) =−H−1d∗ωd(H)− 2H−2gω(dH, γ
1
6)−H
−2‖dH‖2ω(4.4)
+
1
6
H−1‖τ8‖
2
ω +
1
2
H−3‖(dξ)28‖
2
ω
Proof. SinceH−2 = gϕ(Y, Y ) we can use (2.24) to write down its evolution equation.
Thus, we only need to simplify the term
j(dτ)(Y, Y ) = ∗ϕ(ω ∧ ω ∧ ξ ∧ d(H
−2dcH +H−2Jγ16))
which is straightforward to do, except for the term involving d(Jγ16 ). From Lemma
2.2 it suffices to compute
d(H1/2Jγ16 ∧ ω ∧ ω) = −d((dξ)
2
6 ∧Ω
+).
To compute d((dξ)26)∧Ω
+, we first note that d(dξ)26 = −d(dξ)
2
8. Now differentiating
the relation (dξ)28 ∧ Ω
+ = 0 we have
d((dξ)26 ∧Ω
+) = (dξ)26 ∧ dΩ
+ + (dξ)28 ∧ dΩ
+
and using (3.12) this finishes the proof. 
Observe that even if H is initially constant (i.e. the S1 orbits have constant size)
this is not preserved in time. Using the above two propositions we can also extract
the evolution equation for Ω+ in (4.2) but the resulting expression is quite involved
and we have been unable to simplify it so we don’t write it out.
Proposition 4.4.
∂
∂t
(gω) =−
(
∂
∂t
(lnH) +
1
3
‖τ‖2ϕ −
1
3
gω(dτv , ω)− 2H
−3/2(dξ ∧ τv + dτh)
3+
1
)
gω
+ j((dξ ∧ τv + dτh)
3
12 + ξ ∧ (dτv)
2
8).(4.5)
Proof. The idea is to again use the evolution equation for gϕ. Since
∂
∂t (gω) only
evolves on the base P 6 we can ignore terms involving ξ in (2.24). Thus, we have
that
∂
∂t
(gω) = −
∂
∂t
(lnH)gω −
1
3
‖τ‖2ϕgω +
1
2
H−1j(dτ)
∣∣∣∣
P 6
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As SU(3) modules we have the following decomposition
〈ϕ〉 ⊕ Λ327(L)
∼= S2(R7) = S2(R⊕ R6)
= 〈ξ2〉 ⊕ (ξ ⊙ R6)⊕ S2(R6)
= 〈ξ2〉 ⊕ (ξ ⊙ R6)⊕ 〈gω〉 ⊕ S
2
0(R
6)
∼= 〈ξ2〉 ⊕ (ξ ⊙ R6)⊕ 〈gω〉 ⊕ Λ
2
8(P )⊕ Λ
3
12(P )
By abuse of notation we are identifying the cotangent spaces of P 6 and L7 with
R6 and R7 in the above. It follows that the only terms in j(dτ) that contribute
to the evolution of gω belong to the last 3 summands. Since we have that dτ =
dξ ∧ τv + dτh − ξ ∧ dτv, the only terms that can arise in the evolution of gω are the
〈Ω+〉 ⊕ 〈Ω−〉 ⊕ Λ312 components of dξ ∧ τv + dτh which we write as
(dξ ∧ τv + dτh)
3+
1 Ω
+ + (dξ ∧ τv + dτh)
3−
1 Ω
− + (dξ ∧ τv + dτh)
3
12(4.6)
and the Λ21 ⊕ Λ
2
8 components of ∗ω(∗ϕ(ξ ∧ dτv)) = Hdτv. A direct computation
shows that
j(H3/2Ω+) = 4Hgω
j(H3/2Ω−) = 0
j(ξ ∧ ω) = 6H−2ξ2 + 2Hgω
It follows from the above that as SU(3) modules we have
Λ327
∼= 〈gω − 6ξ
2〉 ⊕ 〈ξ ⊙ v〉v∈T∗P ⊕ Λ
2
8 ⊕ Λ
3
12
and this concludes the proof. 
The reader might find the presence of the map j in (4.5) rather unusual as
the latter is strictly speaking a G2-equivariant map but one can replace it by the
corresponding SU(3)-equivariant map
ι⊕ γ : S20(P )
∼= Λ28(P )⊕ Λ
3
12(P )
defined in [3, Sect. 2.3].
Proposition 4.5.
(4.7)
∂
∂t
(Ω−) =
(
1
3
‖τ‖2ϕ −
1
2
∂
∂t
(lnH)
)
Ω− −H−3/2 ∗ω (dτh + dξ ∧ τv)
Proof. It suffices to use the evolution equation (2.21) for ∗ϕϕ and look at the terms
involving only ξ. 
Proposition 4.6.
(4.8)
∂
∂t
(volω) = (
1
3
‖τ‖2ϕ −H
−2 ∂
∂t
(H2)) volω
Proof. This follows directly from (2.23) and the relation volϕ = H
2ξ ∧ volω. 
Remark 4.7. The evolution equations derived in this section generalise those de-
rived in [12] in the special case that L7 = S1 × P 6 is a warped product. Note
however that their choice of SU(3)-structure (P 6, ωˇ, Ωˇ) differs from ours by a con-
formal factor so that (ωˇ, Ωˇ) = (Hω,H3/2Ω). In particular, ωˇ is not symplectic
but on the other hand with respect to gωˇ, instead of gω, equation (4.4) becomes
parabolic. Since the induced flow on the data (H, ξ,Ω) is still generally quite com-
plicated we shall only study it on a couple of simple examples in the next section,
which exclude their case.
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5. Examples of Laplacian solitons
5.1. The Bryant-Fernández example.
The compact nilmanifold L7 associated to the 2-step nilpotent Lie algebra1
(0, 0, 0, 0, 0, 12, 13)
admits a closed G2-structure given by
ϕ0 = e
123 + e145 + e167 + e246 − e257 − e347 − e356.
This example was discovered by Fernández in [8] and Bryant worked out the LF on
this example in [5]. The solution to the Laplacian flow is given by
ϕt = f
3e123 + e145 + e167 + e246 − e257 − e347 − e356,
where f := (103 t + 1)
1
5 cf. [9]. This solution is immortal and the volume grows
as ∼ t1/5 in time. Bryant also shows that L7 cannot admit a torsion free G2-
structure for topological reasons and hence one cannot expect the LF to converge.
Nonetheless the torsion ‖τt‖
2
ϕt = 2f
−5 converges to zero as t→∞.
We choose the vector field Y generating an S1 action preserving ϕ0 to be e6 so
that the connection form ξ = e6. The solution to the induced flow on the quotient
nilmanifold P 6 is then given by
H = f1/2,
ωt = ω0 = −e
17 + e24 − e35,
Ω+t = f
9
4 e123 + f−
3
4 (e145 − e257 − e347),
Ω−t = −f
− 9
4 e457 − f
3
4 (e237 + e125 + e134),
gωt = f
3
2 ((e1)2 + (e2)2 + (e3)2) + f−
3
2 ((e4)2 + (e5)2 + (e7)2),
γ16 =
1
2
f−5/2e5, dξ =
1
2
(e12 − e47) +
1
2
(e12 + e47) ∈ Λ26 ⊕ Λ
2
8
We see that the symplectic form, and hence the volume, stays constant while the
metric (equivalently the complex structure) degenerates as t → ∞. Note that
neither τ6 nor τ8 is zero in this example, so this example can be viewed as a generic
case with regards to the type of the SU(3)-structure.
5.2. The Apostolov-Salamon examples.
As a flow on SU(3)-structures one can ask if the LF preserves any interesting
geometric quantity. For instance we already saw that since ϕ stays closed under the
flow (P 6, ω) stays symplectic. A natural question to ask is: if the almost complex
structure J is initially integrable, does this persists under the flow?
If ϕ is torsion free and (P 6, ω,Ω±) is Kähler then Apostolov and Salamon proved
that P 6 is in fact a C× bundle over a 4-manifold M4, which in special cases turns
out to be hyperKähler cf. [1, Theorem 1]. This motivates us to search for solutions
to the LF preserving the Kähler condition on these spaces.
Consider the manifold L7 = N6 × Ru where N
6 is a compact nilmanifold asso-
ciated to the Lie algebra
(0, 0, 0, 0, 13− 24, 14 + 23).
The G2-structure determined by
(5.1) ϕ = −f2h(ω1 ∧ du) + g
2h(e56 ∧ du)− gf2(ω3 ∧ e
5 − ω2 ∧ e
6),
1Here we are using Salamon’s notation [20] to mean that the Lie algebra admits a coframing
ei with dei = ejk, where jk denotes the ith entry.
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defines a G2 coframing on L
7 given by E1 = fe3, E2 = fe2, E3 = ge5, E4 = −ge6,
E5 = −fe1, E6 = −fe4 and E7 = hdu, where f, g, h functions of u only and ωi
denote the standard self-dual 2-forms in 〈e1, e2, e3, e4〉. A direct calculation shows:
Lemma 5.1.
(1) dϕ = 0 if and only if ∂∂u (gf
2) = g2h.
(2) d ∗ϕ ϕ = 0 if and only if
∂
∂u (fg) = 0 and
∂
∂u (f) =
gh
f .
The explicit torsion free G2-structure given by setting f = (3u)
1/3, g = (3u)−1/3
and h = 1 corresponds to Example 1 in [1].
Let us now impose that ϕ is closed, so that h is determined by condition 1 of
Lemma 5.1, and consider the S1 action generated by the vector field Y = e6. Then
applying the construction of section 3 we find
ω = (g2h)du ∧ e5 + (gf2)ω2,
Ω+ = −(f2hg3/2)ω1 ∧ du− (g
5/2f2)ω3 ∧ e
5,
Ω− = −(f2g5/2)ω1 ∧ e
5 + (g3/2hf2)ω3 ∧ du
gω = gf
2((e1)2 + (e2)2 + (e3)2 + (e4)2) + g3(e5)2 + h2g(du)2,
ξ = e6, γ16 = −hf
−2du, dξ = ω3 ∈ Λ
2
6,
H = g−1, π1 =
∂
∂u
(ln(g5/2f2))du, τ8 = 0.
Since τ8 = (dξ)
2
8 = 0 it follows that these closed G2-structures all admit Kähler
reductions.
Lemma 5.2. The G2 torsion form is given by
τ =
∂
∂u
(f2g2)
1
hg2
ω1 + 4(
g3
f2
−
g2
fh
∂
∂u
(f))e56.
Computing the LF for ϕ of the form (5.1) gives a pair
∂
∂t
(f2h) = −
∂
∂u
(
1
hg2
∂
∂u
(f2g2)),(5.2)
∂
∂t
(gf2) = 4g2(
g
f2
−
1
hf
∂
∂u
f).(5.3)
This shows that the LF preserves ansatz (5.1) and hence the Kähler condition. An
explicit solution is given as follows.
A shrinking gradient soliton.
With f(u) = 2−1/4eu/2, g(u) = 21/2eu and h(u) = 1 we have
ϕ0 = −2
−1/2eu(ω1 ∧ du) + 2e
2u(e56 ∧ du)− e2u(ω3 ∧ e
5 − ω2 ∧ e
6).
Taking λ = −18 and V = 15 · ∂u, one verifies directly that the soliton equation
(2.25) is satisfied. Thus, it defines a gradient shrinking soliton with the induced
metric
gϕ0 = 2
−1/2eu((e1)2 + (e2)2 + (e3)2 + (e4)2) + 2e2u((e5)2 + (e6)2) + du2
which is clearly complete. To the best of our knowledge this example appears to
be new.
To derive the general soliton equation we first observe that an invariant vector
field V is of the form V = a · ∂u + b · e5 + c · e6, for functions a(u), b(u) and
c(u). Comparing with the expressions for τ and ϕ it is easy to see that we get
a consistent system only if b = c = 0. By rescaling the u-coordinate we can set
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h = 1, and defining F = f2g and G = g2 the closed condition becomes equivalent
to G = F ′. We compute the soliton equation for the unknowns (F (u), a(u)) as
(ln(F 2F ′))′ =
λ
(ln(F ))′
+ a,(5.4)
(
(F (F ′)1/2)′
F ′
)′
= −λF (F ′)−1/2 − (aF (F ′)−1/2)′.(5.5)
With the ansatz F = eku, we find the solution λ = − 92k
2 and a = 152 k > 0. The
scalar curvature is
Scal(ϕ) = −
1
2
‖τ‖2ϕ0 = −
27
4
k2.
Observe that this construction applies to any hyperKähler 4-manifoldM4 such that
[ω2], [ω3] ∈ H
2(M4,Z), again ignoring factors of 2π. In which case P 6 can be taken
to be the total space of the T2 bundle determined by these integral cohomology
classes and e5, e6 are the connection 1-forms with curvature ω2, ω3 respectively [1].
For instance one can take M4 = R4 with the Taub-Nut metric.
Remark 5.3. Recently the first examples of inhomogeneous steady solitons were
found by Ball in [2] on the same spaces. In contrast to his examples ours are not
extremally Ricci pinched.
References
[1] Vestislav Apostolov and Simon Salamon. Kähler reduction of metrics with holonomy G2.
Communications in Mathematical Physics, 246(1):43–61, 2004.
[2] Gavin Ball. Quadratic closed G2-structures. arXiv e-prints, page arXiv:2006.14155, 2020.
[3] Lucio Bedulli and Luigi Vezzoni. The Ricci tensor of SU(3)-manifolds. Journal of Geometry
and Physics, 57(4):1125–1146, 2007.
[4] Robert L. Bryant. Metrics with exceptional holonomy. Annals of Mathematics, 126(3):525–
576, 1987.
[5] Robert L. Bryant. Some remarks on G2-structures. In Proceedings of Gökova Geometry-
Topology Conference 2005. International Press, 2006.
[6] Robert L. Bryant and Feng Xu. Laplacian flow for closed G2-structures: Short time behavior.
arXiv e-prints, page arXiv:1101.2004, 2011.
[7] Simon Chiossi and Simon Salamon. The intrinsic torsion of SU(3) and G2 structures. In
Differential Geometry, Valencia 2001, pages 115–133. World Scientific, 2002.
[8] Marisa Fernández. An example of a compact calibrated manifold associated with the excep-
tional Lie group G2. J. Differential Geom., 26(2):367–370, 1987.
[9] Marisa Fernández, Anna Fino, and Víctor Manero. Laplacian flow of closed G2-structures
inducing nilsolitons. The Journal of Geometric Analysis, 26(3):1808–1837, 2016.
[10] Joel Fine and Chengjian Yao. Hypersymplectic 4-manifolds, the G2-Laplacian flow, and ex-
tension assuming bounded scalar curvature. Duke Math. J., 167(18):3533–3589, 2018.
[11] Anna Fino and Alberto Raffero. Coupled SU(3)-structures and supersymmetry. Symmetry,
7(2):625–650, 2015.
[12] Anna Fino and Alberto Raffero. Closed warped G2-structures evolving under the Laplacian
flow. Annali Scuola Normale Superiore - Classe Di Scienze, 2017.
[13] Anna Fino and Alberto Raffero. A class of eternal solutions to the G2 Laplacian flow. The
Journal of Geometric Analysis, 2020.
[14] Nigel Hitchin. The geometry of three-forms in six and seven dimensions. Journal Differential
Geometry, 55(3):547–576, 2000.
[15] Ben Lambert and Jason D. Lotay. Spacelike mean curvature flow. The Journal of Geometric
Analysis, 2019.
[16] Jorge Lauret. Laplacian flow of homogeneous G2-structures and its solitons. Proceedings of
the London Mathematical Society, 114(3):527–560, 2017.
[17] Jason D. Lotay and Yong Wei. Laplacian flow for closed G2 structures: Shi-type estimates,
uniqueness and compactness. Geometric and Functional Analysis, 27(1):165–233, 2017.
[18] Marina Nicolini. New examples of shrinking Laplacian solitons. arXiv e-prints, page
arXiv:2006.13074, 2020.
[19] Simon Salamon. Riemannian geometry and holonomy groups. Longman Scientific & Techni-
cal, 1989.
S1-INVARIANT LAPLACIAN FLOW 13
[20] Simon Salamon. Complex structures on nilpotent Lie algebras. Journal of Pure and Applied
Algebra, 157(2):311 – 333, 2001.
University College London, Department of Mathematics, Gower Street, WC1E
6BT, London, UK
E-mail address: udhav.fowdar.12@ucl.ac.uk
